The Elliott's procedure for the design of a pencil beam waveguide longitudinal slot array has been generalized to encompass the design of shaped beam planar slot arrays. An extended set of design equations, taking into account in an operative way the feeding part of the array, has been devised. From this set of equations, a general and effective design procedure has been set up, shedding light on the constraints posed by a complex aperture distribution. The results of the proposed synthesis procedure have been validated through comparison with a commercial FEM software.
Introduction
Planar arrays of waveguide slots ( Figure 1 ) have a very long story, since their use dates back at least from the 40s [1] , and are still a very popular choice for high-performance antenna systems, especially in the higher part of microwave range [2] . Therefore, their pros and cons from both the mechanical and the electromagnetic point of view are well known [3] . The main advantages of these antennas are the high efficiency, the polarization purity [2] [3] [4] , a considerable mechanical strength, a small size, and the great accuracy achievable both in the design and in the realization phase. The above features make the use of these antennas an effective solution in a wide range of applications [2] , such as radar, aerospace, and satellite antennas. The most common drawbacks of waveguide slot arrays are the high realization cost, the small useful bandwidth, and the lack of flexibility; since once the array is realized, its electromagnetic behavior cannot be changed (though some countermeasures are possible [5, 6] ).
Many slot array configurations are available [2, [7] [8] [9] [10] [11] [12] [13] [14] [15] , differing for slot type, slot pattern, and feeding architecture.
The most popular slot array configuration is the resonant array of longitudinal shunt slots [1] , where the slots spacing is half the guided wavelength (at the center or "resonant" frequency) in the slotted waveguide. Therefore, we consider here this kind of array, which allows quite general feeding architectures. A single array (or subarray) consists of parallel-slotted waveguides (called radiating waveguides), with a transverse feeding guide, as in Figure 1 . The feeding and radiating guides are coupled using series-series slots. Such slots are still spaced half the guided wavelength in the feeding waveguide, which is, therefore, the array spacing in the -plane. Since the array bandwidth depends on the array size, a popular solution is to divide large arrays into subarrays, each one with its own matched input port. In this case, a beam-forming network (BFN) is required to properly feed the subarrays. A (quadrantal) subarray architecture is required also for monopulse radar antennas.
A slot array design splits naturally into an "internal" problem and an "external" one. The former is the physical design of the array which realizes an aperture distribution fulfilling the array pattern requirements, and whose input port is well matched. The latter is the computation of this aperture distribution, fulfilling the constraints imposed by the slot array technology.
The most accurate model describing the behavior of a resonant, pencil beam, and array of longitudinal slots has been proposed by Elliott in [16] . Elliott's work [16] is renowned since a highly accurate model of a slot array including mutual coupling is set there for the first time. Furthermore, it contains a second, less developed though equally important, point. As a matter of fact, the last section of [16] suggests that the system of nonlinear design equations of a slot array can be solved in a very effective (and physically meaningful) way, evaluating all mutual couplings on the data of the previous iterative steps, since in this way the nonlinear equations for each slot can be decoupled. Actually, the decoupling details are not described in [16] , also because they strongly depend on the array specifications. As a matter of fact, Elliott himself partly developed in [17, eq. (56)-(58)] the decoupling details for a planar equiphase array, but without taking into account the feeding network. After that, useful remarks on large arrays with a pencil beam are reported in [18] , and some results on shaped beam arrays [19] have been reported for the first time in [20, 21] , where the array is designed using an optimization technique, and, subsequently, in [22] , using the Elliott's synthesis procedure. Unfortunately, the design procedures described in [20] [21] [22] have been applied by the authors only to linear arrays, but a large number of practical applications call for planar shaped beam arrays. As a matter of fact, most of the antennas used for satellite applications, radar systems, aerospace applications, and telecommunication systems are usually designed to produce a shaped beam in order to illuminate a selected geographical area with a maximum gain. These antennas require a complex aperture distribution, with a phase distribution spanning up to 360 ∘ . The design of a planar array is a completely different matter compared to the design of a linear array. Actually, in the planar case the radiating slots interact both through the external mutual coupling and through the complex feeding network. Moreover, since the array geometry is not separable, the design of a shaped beam array is significantly different from the design of an array with equiphase slot voltages.
To the best of our knowledge, a complete synthesis procedure for a planar waveguide slot array with complex distribution has not been described in international literature. Aim of this paper is to fill this gap providing an effective and accurate design technique for a shaped beam planar array, which takes into account not only the external mutual coupling, but also the strong slot interaction due to the feeding network.
The first problem to face in the design of a waveguide slot array with a shaped beam pattern is that the excitation phase of each slot cannot span 360 ∘ . A very limited solution is to realize a shaped beam array with real excitations, as in [23] , but the results are not satisfactory. On the other hand, array pattern synthesis procedures, able to take into account excitations constraints, have been proposed [24] , and these procedures could be exploited by suitably limiting the amplitude and phase variation of the slot excitations, in order to get an aperture distribution achievable with a waveguide slot array.
In this work, we propose an "internal" design procedure for shaped beam planar arrays of waveguide longitudinal slots by extending Elliott's model and devising from it a new synthesis procedure. This is not straightforward, since the original Elliott's equations [17] must be properly modified to take into account a further degree of freedom, namely, the phase of the slot excitations. In Sections 2 and 3, the new derived design equations and the array synthesis procedure are described in detail. In Section 4, this procedure has beenvalidated and tested, in a way independent of the Elliott's model, using a commercial FEM solver, namely, HFSS 13 by Ansoft. The results obtained with this FEM CAD are in very good agreement with experimental results, as reported in the open literature for a wide range of applications (see, e.g., [25, 26] ).
A number of shaped beam arrays with different patterns have been designed, and two of them are discussed in detail.
The analysis performed with HFSS shows that the presented examples fulfill the required specifications.
Design Equations for Slot Arrays
The behavior of a planar slot array is ruled by a set of design equations, linking the electrical variables of the array to the geometrical ones. These equations describe (1) the slot excitation due to the radiating guide [16] ; (2) the external mutual coupling between the slots [16] ; (3) the interaction between the radiating slots due to the BFN [27] [28] [29] .
The interaction (3) is strongly frequency dependent. Therefore, since a resonant array is always designed at the center frequency, only the corresponding equations at this frequency will be used in this work. We consider here a planar array composed by radiating waveguides, each one carrying a, possibly different, number of radiating slots. The first radiating slot of the th radiating waveguide is indicated bŷ, and the numbering proceeds arbitrarily from right to left, whilêandd enote, respectively, the slot immediately to the right of the feeding coupling slot and the last slot of the th radiating waveguide, as shown in Figure 2 .
This numbering allows to design arrays with regular or irregular aperture shapes in the same way. In this reference system, the array -plane is vertical, and the axis of the radiating waveguides is horizontal. Each slot is completely characterized by its length and its offset with respect to the waveguide axis, which is assumed positive upward.
An array of longitudinal slots can also be divided into subarrays (as in the example in Figure 3 ). Each subarray is made of a number of radiating waveguides, fed by a feeding International Journal of Antennas and Propagation waveguide (orthogonal to the radiating ones) through a sequence of series-series inclined coupling slot (one for each radiating waveguide of the subarray) [30] . Each feeding waveguide is then fed at its input node through a seriesseries inclined coupling slot. All the coupling slots have been chosen resonant. Therefore, a generic array is composed by N radiating slots, radiating waveguides, and subarrays and has consequently feeding waveguides and input ports.
In the example shown in Figure 3 (a), the array is divided into 4 subarrays. Each subarray is composed by 4 radiating waveguides, and the design procedure allows each radiating waveguide to contain a different number of radiating slots. Figure 3 (b) shows the four waveguides, each one feeding a subarray, and the input port is shown for each subarray. Let be the (TE 10 fundamental) mode voltage on the th radiating waveguide. The array design equations can be written taking into account that the mode voltage at the position of the th radiating slot is different in each radiating waveguide and can be written as = (−1) −̂. Therefore, the first two sets of design equations for a slot array are [17] = 1= 1̃(
wherein the { } are the slot excitations required by the aperture distribution, and
= sin ,
̃=̃(
wherein and are the waveguide transverse dimensions, is the wavenumber in free space, and 10 are the equivalent admittance and the propagation constant of the TE 10 fundamental waveguide mode, and , , and are, respectively, the self-admittance, the length, and the offset of the th slot of the array.
In (6) , is the sum of the external coupling between the radiating slots [16] and of the internal coupling due to the interaction between the radiating slots through higher-order waveguide modes [31] .
At the input node of the th radiating waveguide (Figure 4 ), the inclined coupling slot feeding the waveguide is modeled (being resonant) as an ideal transformer, with a current transformation ratio equal to [30, [32] [33] [34] . The input impedance seen at the input of this series-series transformer is therefore
Since the mode voltages are not independent for radiating waveguides fed by the same feeding waveguide, we must take into account the equations of the feeding line. Also the feeding waveguide is fed by a series-series transformer, with known input current. Subsequent equations will be more clear if we consider each half of the feeding guide as a separate guide. With this convention, two feeding waveguides are represented in Figure 5 , namely, the th and ( + )th waveguides. The index assumes therefore the values between 1 and , where represents the number of the feeding waveguides of the array (namely, the number of input ports of the array). Let̃be the current flowing into the last coupling slot of the th feeding waveguide (the farther from the feeding node), having the same direction of (see Figure 5 ). This coupling slot feeds the first radiating waveguide, which we denote bŷ. The current flowing on thê+ subsequent coupling slots will be (−1)
−̂̃, wherê+ 1 ≤ ≤̂, and̂represents the coupling slot corresponding to the last radiating waveguide, fed by the th feeding guide.
The current 0 (with =̂) flowing on the first radiating waveguide (see Figure 4 for the generic th radiating guide) fed by the th feeding guide is therefore given bỹ , while (−1)
−̂̃i s the current flowing on the other radiating waveguides, witĥ+ 1 ≤ ≤̂.
The mode voltage at the slot̂(which, as shown in Figure 4 , is the radiating slot immediately at the right of the coupling slot feeding the th radiating waveguide) is then given by
Since (from Figure 2 )̂= , = (−1)̂−̂, the mode voltage on the th radiating waveguide can be expressed as
Finally, as indicated in Figure 5 , the input impedance at the port is given by
where the notations [ ], [ + ] indicate that the sums are extended to all the radiating waveguides fed by the th and ( + )th feeding waveguides, respectively (see Figure 5) ; is the equivalent admittance of the TE 10 fundamental mode in the feeding waveguide.
Synthesis Procedure
In order to design a slot array, we have to solve the nonlinear systems (1) and (11), which require an iterative solution.
The input data of the design procedure are the radiating slot excitations (namely, the slot voltages ) and the input impedances IN at each input node of the array. The procedure gives as output the lengths and offsets of all the radiating slots. Following Elliott suggestion [16] , it is convenient to evaluate the mutual coupling coefficients , given by (6), using the data of the previous iterative step, since small changes in offsets and lengths cause only a small change in the mutual coupling. With this choice, the equations are decoupled, and it is possible to recompute the new parameters of each slot independently of the other slots.
A shaped beam array requires a complex aperture distribution, therefore the Elliott's design equations (1) must be properly modified because a further set of requirements, the phase of the slot excitations, must be taken into account. On the other hand, no further degrees of freedom are available, so a different strategy must be devised in order to extend the Elliott's procedure [16] to the shaped beam case. Let
the slot voltage of the th radiating slot of the array. A complex slot voltage distribution, such as (12) , requires that some other electrical quantities are complex. Among them, there are the feeding currents̃. We include also a sign variable into their definition, which reads =̃exp ( ) ,
where = +/−1 is a sign to be determined, and is defined by = arc tan(Im[̃]/Re[̃]), so that − /2 ≤ ≤ /2. With this choice, in the limit case of a complex distribution, but with all phases of the slot voltages equal to zero ( = 0), we come back to the equiphase case, being̃= |̃| and = 0, without ambiguity. Since is a real number we get, from (10)
As a consequence, all the mode voltages on the radiating waveguides fed by the same feeding waveguide (identified by the index ) are equiphase.
The active admittance, using (1), can therefore be expressed as
The input impedances IN required at the feeding nodes of the array are real numbers in almost all practical applications. Therefore, it follows from (11) 
as also found in [20, 21] , for the linear case ( ≡ 0). The left-hand side of (16) depends only on the slot length , since the offsets are fixed to the values of the previous iterative step. Therefore, (16) is the sought equation for the new value of this length. If̃is the solution of (16), then
is real. Using (17) in (15), we obtain the following expression for the active admittances:
Then, comparing (18) with (15), we get
Finally, by replacing (19) in (15), the active admittance can be expressed as
If we put in (8) the active admittances given by (20) , the input impedance seen at the primary of the feeding transformer can be written as
Since the input node is a series one, the relation between the currents |̃| and |̃+ | can be expressed as 
Let + be a real positive parameter defined bỹ
Using + , we can write
From (25), it follows that and + must have the same phase (apart from the sign), once the convergence of the iterative design procedure has been reached.
Finally, we must fulfill the requirement on the input impedance IN at the secondary of the transformer feeding the waveguides and + . This impedance is the sum of the input impedances of the two waveguides:
which are (see (11) and (21)) as follows:
Equations (27) can be simplified using (23) as follows:
The input impedance IN 
Equation (30) allows to determine |̃| from the required value of IN , thus terminating the iterative step.
It is worth noting that, in order to avoid convergence problems, the initial values of must be properly connected to the values of the voltage distribution. Therefore, even in the first iterative step, the phases of the active admittances must be kept relatively small, avoiding problems of oscillating or trapped solutions.
The synthesis procedure proposed in this section has no limitations by itself, since it can design the array geometry for every aperture distribution that a slot array can radiate. On the other hand, the excitation phase achievable with a longitudinal radiating slot cannot span the whole 360 ∘ , but is limited to
where MAX depends slightly on the waveguide dimensions but is always not larger than 60 ∘ . However, to prevent convergence problems, it can be safe to choose a smaller MAX , for example 50 ∘ . As a consequence, an arbitrary voltage distribution cannot always be radiated by a slot array. However, since different aperture distributions can radiate essentially equivalent shaped patterns, this "hardware" limitation can be circumvented using array pattern design techniques which allow the introduction of appropriate constraints both for voltage amplitudes and phases (compare [24] ). The amplitude constraints prevent the synthesis procedure to obtain too small slot lengths and/or offsets, while the phase constraints take into account the limited excitation phase that each slot can span.
Results
In order to assess the synthesis procedure, a number of planar arrays, with different size and aperture distributions, have been designed with the procedure of Section 3. Inhouse softwares have been used to evaluate both the slot selfadmittance [35] and the mutual coupling [36, 37] .
Once the geometry of the designed array has been determined, an analysis has been performed to check whether the array requirements are fulfilled. This has been done using both [28] and a commercial FEM solver, namely, HFSS. Since the former is based on Elliott's model, while the latter is independent of it and is considered essentially equivalent to experimental verification [25, 26] , we present here only the HFSS results, which fulfill all the requirements and therefore fully assess our procedure. It is worth noting that the results obtained by the procedure of [28] are equivalent to the ones simulated with HFSS.
The architecture of the arrays presented in this section is shown in Figure 1 , where both the radiating waveguides and the feeding waveguide are half-height WR90 waveguides (22.86 mm × 5.08 mm) with 1 mm wall thickness. The feeding waveguide has been fed at its side by a waveguide port, and the radiating waveguides have been fed through a seriesseries inclined resonant coupling slot. All the coupling slots have a length equal to 17.07 mm, a width of 1.5 mm, and the tilt angle with respect to the feeding waveguide axis is 45 ∘ , corresponding to a coupling coefficient equal to 1 (see [30, 32, 33] for details).
Starting from a specified and arbitrary-shaped beam pattern, we have used the array patterns synthesis procedure described in [24] to compute the required excitations. According to the considerations made at the end of Section 3 about the excitations achievable with a longitudinal radiating slot, appropriate constraints both on the amplitude and on the phase of the slot excitations are required, in order to get an aperture distribution achievable with an array of slots. In particular, the maximum phase and the minimum normalized amplitude of the slot excitations have been set, respectively, to MAX = 50 ∘ and | , min | = 0.1. In the first example, we present an 8 × 8 planar array, fed by a single feeding waveguide containing 8 coupling slots, designed requiring a circular pattern, with a radius equal to 0.25 in the ( , ) plane, with −20 dB sidelobes, and a ripple of ±0.5 dB. The normalized amplitudes and the phases of the required slot excitations are reported in Tables 1(a) and 1(b), respectively, while the corresponding designed slot lengths and offsets are shown in Tables 1(c) and 1(d).
The contour plot of the simulated (HFSS) far field pattern for the designed array is shown in Figure 6 . In Figure 7 , the 3D far field pattern is depicted, and Figure 8 shows the difference between the pattern obtained using the required slot voltages and the designed pattern. In the shaped region, this difference is less than 0.3 dB. Figure 9 shows an enlargement of the shaped region with a ripple of about ±0.5 dB. The frequency response of the array is shown in Figure 10 , while Figures 11 and 12 show, respectively, the -plane and the -plane far field patterns within the working frequency bandwidth. The behaviour of the shaped radiation pattern is still very good even at the upper and at the lower ends of the bandwidth.
The second example is a 10 × 10 planar array, fed by a single feeding waveguide containing 8 coupling slots, designed requiring an arrow-shaped pattern (see the dashed line in Figure 16 for the required geometry), with −15 dB sidelobes. The normalized amplitudes and the phases of the required slot excitations are reported in Tables 2(a) Radiat. waveg. The contour plot of the simulated (HFSS) far field pattern for the designed array is shown in Figure 13 . In Figure 14 International Journal of Antennas and Propagation the 3D far field pattern is depicted, and Figure 15 shows the difference between the pattern obtained using the required slot voltages and the designed one. In the shaped region, this difference is less than 0.2 dB. Figure 16 shows an enlargement of the shaped region. Finally, the frequency response of the array is shown in Figure 10 , while Figures 17 and 18 show, respectively, the -plane and the -plane far field patterns in the array frequency bandwidth. Also in this case, the behaviour of the shaped radiation pattern remains very satisfactory even at the upper and at the lower ends of the useful bandwidth. The results of the performed simulations, both at the design frequency and within the operating frequency bandwidth of the designed arrays, are in very good agreement with the required specifications, and this fully validates the proposed synthesis procedure.
Conclusion
The use of shaped beam waveguide slot arrays is required in various antenna applications, such as radar and aerospace applications. A synthesis procedure for shaped beam planar slot arrays has been presented. Starting from the well-known Elliott's model for a (pencil-beam) slot array, an extended set of design equations has been set up to include both the feeding guide interaction between radiating slots and the provision of complex aperture distribution. Then, a design procedure for shaped beam planar arrays has been devised and assessed through validation against a commercial FEM software.
